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—— Abstract

We consider a fair division setting of allocating indivisible items to a set of agents. In order to cope

with the well-known impossibility results related to the non-existence of envy-free allocations, we
allow the option of selling some of the items so as to compensate envious agents with monetary
rewards. In fact, this approach is not new in practice, as it is applied in some countries in inheritance
or divorce cases. A drawback of this approach is that it may create a value loss, since the market
value derived by selling an item can be less than the value perceived by the agents. Therefore, given
the market values of all items, a natural goal is to identify which items to sell so as to arrive at
an envy-free allocation, while at the same time maximizing the overall social welfare. Our work is
focused on the algorithmic study of this problem, and we provide both positive and negative results
on its approximability. When the agents have a commonly accepted value for each item, our results
show a sharp separation between the cases of two or more agents. In particular, we establish a
PTAS for two agents, and we complement this with a hardness result, that for three or more agents,
the best approximation guarantee is provided by essentially selling all items. This hardness barrier,
however, is relieved when the number of distinct item values is constant, as we provide an efficient
algorithm for any number of agents. We also explore the generalization to heterogeneous valuations,
where the hardness result continues to hold, and where we provide positive results for certain special
cases.
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Achieving Envy-Freeness through Items Sale

1 Introduction

Fair division refers to the algorithmic question of allocating resources or tasks to a set of
agents according to some justice criteria. It is by now a prominent area within Algorithmic
Game Theory and Computational Social Choice, [12, Part II], dating back to the origins of
the civil society. One of the most natural and well studied notions of fairness is envy-freeness
[18]: a division is envy-free if everyone thinks that her share is at least as valuable as the
share of any other agent. In the presence of indivisible items however, obtaining an envy-free
allocation is much more challenging [17], and it is well known that, in the majority of cases,
envy-free divisions do not exist.

An approach that has been followed by several works, in order to cope with these
existential issues, is to focus on relaxations of envy-freeness (for more on this we refer to
our related work section). Another natural direction that comes into mind is to insist on
envy-freeness but provide some compensation (e.g., monetary) to the agents who may feel
unhappy by a proposed division. Such models have been considered in the literature, where
money is either coming as an external subsidy from a third party or is already part of the
initial endowment. Under this setting, [20] investigated the question of determining the
minimum amount of money needed to obtain an envy-free division.

In this work, we also allow for monetary rewards, but we choose a different approach,
as already initiated in [22]: we require that the money used to compensate the envious
agents has to be raised from the set of available items, by selling some of them. This is what
happens, for instance, in inheritance division. To provide some examples, as stated in Article
n.9 of the New York Laws - Real Property Actions and Article n.720 of the Italian Civil
Code, whenever an agreement is not possible, part of the inheritance can be sold through
an auction. The same practice is also used in divorce settlements. Clearly, envy-freeness
is then always feasible by selling, if needed, the whole inheritance, and equally sharing the
proceeds. However, the amount of money raised by this process can be fairly below the
real value of the sold items for at least two reasons. First, the bidders who participate in
this type of auctions usually aim at winning items at very low prices; secondly, running an
auction bears organizational costs which need to be subtracted from the proceeds. Thus, it
is in the interest of the heirs to determine an envy-free division by selling assets with as little
value loss as possible. This gives rise to an interesting optimization problem of determining
which items to sell so as to arrive at an envy-free allocation, with optimal social welfare.
Algorithmically, this question has been largely unexplored, with the exception of a particular
case handled in [22].

1.1 Contribution

Assuming that we are given the market value of each item as input, i.e., the money that can
be raised by selling it, we embark on a thorough investigation of algorithmic and complexity
questions for our problem and provide an almost tight set of results.

We start in Section 3 with the case where all agents have the same value for each item.
After establishing NP-hardness, which can be easily shown even for 2 agents, our main results
exhibit a sharp separation on the approximability between the cases of n = 2 and n > 3
agents. In particular, we prove that, with at least three agents, no polynomial time algorithm
can obtain a solution that performs better than the one which sells all items, unless P = NP.
On the other hand, for two agents, we are able to design a polynomial time approximation
scheme (PTAS), under the assumption that the market value of each item is not smaller
than half of the common agents’ value. The idea behind the PTAS is to enumerate all partial



86

87

88

89

90

91

92

93

o4

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

Bilo et al.

allocations of the most valuable items, whose number is a constant depending on the desired
approximation guarantee. Each such partial allocation, which consists of the two bundles
assigned to the agents together with the bundle of sold items, is then completed processing
the remaining items by non-increasing value. At every step, the next item is allocated to
the agent having the lower valued bundle, until we reach a situation where it is possible to
equalize the two bundles by using the money raised from the already sold items and from
selling a subset of the not-yet-processed ones. The main technical effort is needed to show
that, if this condition occurs, then the final allocation can be made envy-free at the expense
of a negligible loss of social welfare, while, if the condition never occurs, then it is not possible
to obtain an envy-free solution from the starting partial allocation. Finally, our last result in
Section 3 is the design of a dynamic programming algorithm which runs in polynomial time
when the number of distinct item values is constant; this assumption is in line with several
other recent works on fair-division, e.g., [5, 1].

In Section 4, we then move to the case where agents can have heterogeneous valuations.

While all computational barriers from Section 3 carry over to this case as well, we are able
to obtain two additional positive results. First, we focus on the setting where the values that
an agent 4 has for the items lie in an interval of the form [z;, Bz;], where 8 is common across
all agents. This means, essentially, that each agent attributes the same value to all items,
up to a factor of 3. For a constant number of agents, and for a constant value of 3, we are
able to design again a PTAS. This is very different from the PTAS of Section 3 and is based
on an appropriate combination of two main ideas. First, by using a linear programming
formulation, we compute a fractional solution with a bounded number of fractionally assigned
items. Then, we apply a "reverse" version of the envy cycle elimination algorithm [24], so as
to decide which items to sell, in addition to the fractional ones. We believe that this could be
of independent interest for other allocation problems as well. Finally, at the end of Section 4,
where we drop the assumption on S being constant, we also provide a pseudo-polynomial
time algorithm.
Due to lack of space, all omitted proofs are deferred to the full version of this work.

1.2 Related Work

In terms of the model that we study, the work most related to ours is [22]. Their main focus
however is not algorithmic but instead aims at comparing the Price of Fairness with and
without selling items (defined as the ratio of the optimal social welfare versus the welfare
attainable at an envy-free allocation). Their work also includes one algorithmic result,
namely a PTAS, but for a case of only two heterogeneous agents, and under assumptions
that are incomparable to our results of Section 4, where we consider any constant number of
heterogeneous agents.

The use of monetary compensations, as a means to achieve envy-freeness with indivisible
goods, has also been studied from various other angles in the literature, dating back e.g.,
to [27, 25]. The models that have been studied most often consider cases where each agent
receives at most a single good (motivated by rent division) in addition to money. Given an a

priori fixed amount of money, [2] yields an algorithm for determining an envy-free allocation.

Improved algorithms were also provided in follow up works in [6, 23], and a more general
model was considered in [9]. More recently, [20] take an optimization approach of minimizing
the amount of required money for achieving envy-freeness (and without any restrictions in
the items given to an agent). The main conceptual difference with our work is that in all
these models, money is viewed as an already existing subsidy, whereas in our case it comes
from selling some of the available items, which also leads to welfare loss.
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Achieving Envy-Freeness through Items Sale

Moving away from monetary rewards, there have been by now various other approaches
for addressing the lack of envy-free allocations under indivisible items. The most popular one
is the quest for relaxed notions of fairness, tailored for indivisible items. The notions of envy
freeness up to 1 good (EF1) [13, 24], and envy freeness up to any good (EFX) [16, 19] are the
two most representative examples, that have motivated a vast amount of recent works. An
alternative direction was initiated in [14] where allocations satisfying the EFX criterion (and
with high Nash welfare) were shown to exist when some items remain unallocated; giving
birth to fairness with charity. For an overview of these notions and the relevant results, we
refer the reader to the recent survey [3] and the references therein.

Finally, another relevant line of works concerns the quantification of welfare performance
subject to fairness constraints. One way to formalize this is via the Price of Fairness [15],
defined in the beginning of this section. The Price of Fairness w.r.t. other fairness criteria,
such as relaxations of envy-freeness was later studied in [8], and further results with tight
bounds were also given in [7, 21]. We refer again to the survey [3] for a more complete
overview.

2 Definitions

We consider a set [m] := {1,...,m} of m indivisible items to be allocated to a set [n] of n
agents. We assume that for every item j, there is a commonly accepted value v(j), by all
agents'. The vector v = (v(1),...,v(m)) induces an additive valuation function v : 2" i N,

so that for every subset S C [m], the value of S is v(S) =35 v(j).

An additional choice, instead of allocating all items to the agents, is to sell some of them
in exchange of money. The rationale here is that if allocating all items cannot result in a
fair allocation, we could use monetary compensations from sold items to achieve a more
acceptable outcome. This may come at some value loss, since selling an item in the market
can lead to a lower price than the value perceived by the agents. In particular, we assume
that we are given a market value vector vg = (vo(1),...,v9(m)), so that vo(j) is the monetary
amount that can be obtained by selling item j, with vy(j) < v(j), for every j € [m]. Viewing
the vector vy as inducing an (alternative) additive valuation function, we have that for every
S C [m], the money obtained by selling the items of S is equal to vo(S) = 3_,c 5 v0(J)-

Given an instance defined by a tuple (n,m,v,vp), an allocation with items sale is a
partition of [m] into n + 1 subsets X = (X, X1,...,X,), such that, for each ¢ € [n], X;
is the bundle allocated to agent ¢ and X is the set of items which are sold. Hence, the
money made from X is vg(Xg). The social welfare of an allocation with items sale is given
by SW(X) = vo(Xo) + >_c, v(Xi). We will say that an allocation X = (Xo, X1,...,Xy)
is an envy-free allocation with items sale (from now on, simply EF-IS), if there exists a split
of the money vg(Xj) into n amounts p1, ..., iy, such that, for any two agents 4,4’ € [n],
v(X;) + p; > v(Xy) 4 py. Since this needs to hold for any pair of agents, we can simplify
the definition of EF-IS as follows. Define the maximum envy of an agent ¢ under an
allocation X as €]"**(X) = max; c[n){v(Xs)} — v(X;) (note that, as i’ can be also equal to
i, e**(X) > 0). Then, an allocation is EF-IS if and only if

w(Xo) = 3 emen(x). (1)

1€[n]

! We start with this modeling choice, as it is common in inheritance or divorce settlements, that items
such as land properties or cars have a common value to the agents. In Section 4, we explore extensions
beyond this assumption.
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Hence, whenever the above equation holds, it means that there is enough money to compensate
all agents having non-zero maximum envy.

We observe that an EF-IS allocation always exists: simply sell all items and share equally
all the money. We call this allocation, the basic EF-IS allocation. Therefore, this gives rise
to the natural optimization problem of finding the best EF-IS allocation in terms of social
welfare. This constitutes the focus of our work, and we define it formally below.

BEST-EF-IS: Given an instance (n,m,v,vy) on n agents, m items, value vector v and
market value vector v, find an allocation X = (Xo, X1,...,X,) that is EF-IS and attains
maximum social welfare.

3 Hardness and Approximability

We begin with defining a parameter that plays a fundamental role in the majority of our

results. Given an instance (n,m,v,vp), let @ = Minjcm):v()>0 {ng))} € [0,1], be the
largest discrepancy between the market value and the commonly accepted value of any item.
We observe the following.

» Observation 1. The basic EF-IS allocation is an a-approximation of BEST-EF-IS.

3.1 Hardness Results

We address first two extreme cases of the problem. By Observation 1, BEST-EF-IS is trivial
when a = 1. On the opposite side, when o = 0, the problem cannot be approximated up to
any finite factor, even for n = 2.

» Theorem 2. Forn =2 and a =0, BEST-EF-IS cannot be approximated up to any finite
factor, unless P = NP.

For the more interesting cases of o € (0,1), a direct reduction from PARTITION yields
NP-hardness even for n = 2.

» Theorem 3. Forn =2 and o € (0,1), BEST-EF-IS is NP-hard.

The next theorem is our main result from this subsection. It implies that the a-
approximate solution achieved by the basic EF-IS allocation is the best we can hope
for, when we have at least 3 agents.

» Theorem 4. For anyn > 3 and « € (0,1), BEST-EF-IS cannot be approzimated with a
ratio better than o + €, for any constant € > 0, unless P = NP.

Proof. Fix n, « and € and let s(«) be the number of bits needed to encode . We show the
claim by a gap producing reduction from PARTITION. Consider an instance of PARTITION
I made up of p > max < n, s(a), CE 2(16:10‘)
> je[p) Wi = 2B. The PARTITION problem asks to find a subset A C [p] such that 3, 4 w; =
B. Create an instance I’ of BEST-EF-IS with m = p + n items such that v(j) = w; for
each j € [p], v(p+1)=v(p+2)=(p—1)B, and v(j) = pB for each j > p + 2. We call any
item of value pB a big item, any item of value (p — 1) B an almost big item and the remaining
items small items. Note that there are n — 2 big items and that >, v(j) = npB. The
vector v is defined in such a way that vy(j) = av(j) for each j € [m]. Note that, by the
choice of p, the representation of I’ is polynomial in that of I, for any value of n, a and e.
The remaining proof is then completed by establishing the following lemma:

} positive integers wy, ..., wy, such that
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Achieving Envy-Freeness through Items Sale

» Lemma 5. If I admits a partition, we can construct in polynomial time an EF-IS allocation
X, with SW(X) =npB. Conversely, if I does not admit a partition, any EF-IS allocation
X satisfies SW(X) < (a+ €)npB.

<

Finally, in the following theorem we show that, if the number of agents is not fixed, the
hardness of approximation holds even if the item values are polynomially bounded in m and
n.

» Theorem 6. For any a € (0,1) and € > 0, approzimating BEST-EF-IS to better than
a + € is strongly NP-hard.

3.2 A PTAS for Two Agents when @ > 1/2

In light of the hardness results shown in the previous subsection, non-trivial approximation
algorithms, without any further assumptions, are possible only for the case of n = 2 and
a € (0,1). This is the focus of this subsection, and our main result is the design of a
polynomial time approximation scheme (PTAS), under the mild assumption that o > 1/2
(the market value is never less than 50% of the real value for any item). We feel that this
assumption is not far from what we would expect in practice. If the items (e.g. in an
inheritance or divorce case) had a way too low market value, it would not even make sense
to sell them at all.

Within this subsection, we use (m, v, vp) to describe an instance, since n = 2. Note that
the condition described in Equation (1) for an allocation X = (Xo, X1, X3) to be EF-IS
simplifies to vo(Xo) > |v(X1) — v(X2)|. Before illustrating our PTAS, we start with a simple
procedure, called COMPLETE, that will be used as a subroutine of our algorithm. Say that
an instance is ordered if items are sorted by non-increasing value. COMPLETE works as
follows: given an ordered instance I = (m, v, vp), an integer ¢ < m and an EF-IS allocation
(Xo, X1, Xo) restricted to the first g items of I, it sells items ¢ + 1 and ¢ + 2 (if any), and
then, for each j > ¢ + 3, item j is assigned to the agent whose bundle, considering only the
items allocated by COMPLETE so far, has the smaller total value, breaking ties in favour of
agent 1.

As shown in the lemma below, COMPLETE helps us in extending an EF-IS allocation of
an initial subset of items, to an EF-IS allocation over all the items.

» Lemma 7. Given an ordered instance I = (m,v,vq), an integer ¢ < m and an EF-IS
allocation X = (Xo, X1, X2) restricted to the first q items of I, COMPLETE(I,q, X) returns
in O(m) time an EF-IS allocation for I selling items that are worth a total value of at most
v(Xo) +2v(g +1).

For any € > 0, our algorithm, called SOLVEBESTEF-IS, returns a (1 — €)-approximation
for BEST-EF-IS. The algorithm relies on an initial brute force enumeration of all possible
allocations with items sale, restricted to the first § items, where § is a constant that depends
on e. As each item j € [q] can be either assigned to one of the two agents or sold (three
possible choices), there is a total of 37 possible outcomes. For each outcome, corresponding to
a partial allocation with items sale X = (Xo, X1, X2) restricted to the first g items, function
EXTEND is invoked. This function takes an ordered instance I = (m, v, vg), an integer ¢ < m
and an allocation X = (X, X, X2) restricted to the first ¢ items of I. Running it with
q = q, it checks whether X can be extended to the remaining m — g items, that is, without
altering the allocation of the first ¢ items, so as to yield an EF-IS allocation for I. If this
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Algorithm 1 COMPLETE(m, v, vo, q, Xo, X1, X2)

Input: an ordered instance I = (m,v,vg), an integer ¢ < m and an EF-IS allocation
(Xo, X1, X5) restricted to the first ¢ items of T
Output: an EF-IS allocation for 1
Y1+ 0,Y2+ 0
if g=m — 1 then
Yy « {m}
else
Yo+ {qg+1,q+2}
end if
for j < g+ 3 tomdo
if v(Y7) <wv(Yz) then
Y1 «— Y1 U {j}
else
Yz + Yo U {j}
end if
: end for
return (XoUY, X3 UY;, XoUY3)

e e
L A

Algorithm 2 SOLVEBESTEF-IS(m, v, v)

Input: an instance I = (m,v,vp), with @ > 1/2, and a value € > 0

Output: a (1 — ¢)-approximate solution

sort the items by non-increasing value
g« min{m, [5(1 —a —¢€)/€]}
S+ (0,0,0), maxWelf < 0
for any allocation with items sale X := (Xg, X1, X3) restricted to the first g items do
Y = (Yo, Y1,Ys) «+EXTEND(],q, X)
if SW(Y') > mazWelf then
S« Y, maxWelf < SW(Y)
end if
end for
return S

—_
154

is possible, we are able to show that EXTEND returns an EF-IS allocation which, besides
the items in Xy, it also sells items that are worth a total value of at most 5v(g + 1). If this
is not possible, we show that the starting guessed allocation X cannot be extended to an
EF-IS allocation, and so EXTEND returns the basic EF-IS allocation. Upon enumeration
of all possible allocations with items sale restricted to the first § items, SOLVEBESTEF-IS
returns the EF-IS allocation with the largest social welfare.

The core of SOLVEBESTEF-IS is the function EXTEND, based on a careful analysis of
the various cases that may arise. We provide here an overview of how it works and refer the
reader to full version for further details.

Lines 1-6. The first part of the algorithm checks whether X is an EF-IS allocation
restricted to the first g items of I. If this is the case, we invoke COMPLETE to obtain an
EF-IS allocation for I. In the negative case, if no items are left to extend X (i.e., § = m),
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Achieving Envy-Freeness through Items Sale

we return the basic EF-IS allocation; otherwise, we conclude that vo(Xo) < |v(X71) — v(X2)]
and define X as the set of the remaining m — ¢ items.

Lines 7-13. To proceed, line 7 (possibly) swaps X; and X5 so as to have v(X;) >
v(X2) + v9(Xp). The function now checks whether the items in X can be used to obtain an

EF-IS allocation out of X. If v(X71) > v(X3) + v9(Xo) + v(X), this is not possible and the
basic EF-IS allocation is returned (lines 8-10). Otherwise, v(X1) < v(Xs) 4+ vo(Xo) + v(X).
If this holds at equality, then (X, X1, Xo U X) is an EF-IS allocation and is returned (lines

11-13).

Lines 15-27. We now have v(X1) < v(X2) 4+ vo(Xo) + v(X). The first goal here is
to check if selling a single item from X suffices. Thus, in the while-loop at lines 16-23,
the function considers sequentially all items whose removal from X invalidates inequality
v(X1) < v(X2) + vo(Xo) + v(X). If, by selling item j, enough money can be raised to cover
the difference between v(X7) and v(Xa) + vo(Xo) +v(X \ {j}), then the EF-IS allocation
(XoU{j}, X1, XoUX \ {j}) is returned (line 18). Otherwise, item j is added to a special
set of items S (line 20). If the while-loop terminates without returning a solution, we shall
prove that the only way to possibly extend the guessed allocation X to an EF-IS allocation
for I is to assign the items of S to X5. Lines 25-27 check whether the new partial allocation
after the addition of S to X is EF-IS restricted to the first ¢ + |S] items. If so, COMPLETE
is invoked to obtain an EF-IS allocation for I.

Lines 29-31. If the execution arrives at line 29, it must be either v(X;) > v(X2) + vo(Xo)
or v(Xs) > v(X1) + vo(Xo). In the latter case, we are essentially in the same situation as
at the beginning of the function, except for the fact that X has been extended to the first
q + |S| items. Observe that, since we started with v(X1) > v(X3) + v9(Xo) and arrived at a
situation in which v(X3) > v(X1) 4+ vo(Xp), there was some progress in between, i.e., S # 0).
Thus, the function sets ¢ = ¢ + |S| and restarts from line 1.

Lines 33—44. This is the final phase of the algorithm. If we arrive at line 33, we have
v(X1) > v(X2) + v9(Xo) and v(X7) < v(X2) + vo(Xo) + v(X). The while-loop at lines
33-35 keeps adding items to the second bundle and stops as soon as an item j is added to
Xs, such that v(X1) < v(X3) + vo(Xp). If this condition holds at equality, we can again
invoke COMPLETE to obtain an EF-IS allocation for I (lines 36-38). If the execution arrives
at line 41, we have v(X1) < v(X2) + vo(Xop) and v(X71) > v(X2 \ {j}) + vo(Xop). At lines
41-43, the function computes a set of items Y to be sold guaranteeing that the allocation
(XoUY, X3, X5\ {j}) is EF-IS. We prove that such a set Y does exist, and by invoking
COMPLETE, the algorithm terminates with an EF-IS allocation for I (line 44).

The following lemma shows the correctness and complexity of function EXTEND.

» Lemma 8. For any input (I = (m,v,vy),q, Xo, X1,X2), EXTEND returns an EF-IS
allocation for I in O(m) time. If there exists an EF-IS allocation for I allocating the first
q items as in (Xo, X1, X2), then an EF-IS allocation selling items that are worth at most
v(Xo) + 5v(g + 1) is returned; otherwise, the basic EF-IS allocation is returned.
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Algorithm 3 EXTEND(m, v, vo, ¢, X0, X1, X2)

Input: an ordered instance I = (m, v, vg) with o > 1/2, a positive integer ¢ < m and an
allocation X = (Xj, X1, X3) restricted to the first ¢ items of T

Output: an EF-IS allocation for 1

1: if ’U()(Xo) > |’U(X1) — ’U(X2>| then

2:  return COMPLETE(/,q, X)

3: else if ¢ = m then

4:  return ([m],0,0)

5. end if

6: Y(— [m] \ (X()UX1 UXQ)

7: swap X1 and X so that v(X7) > v(Xs2) 4 vo(Xo)

8: if v(X1) > v(X2) +vo(Xo) + v(X) then

9:  return ([m],0,0)

10: end if

11: lf ’U(Xl) = U(Xg) + ’U()(Xo) —+ U(Y) then

12:  return (Xo, X, XoUX)

13: end if

14: % if we reach this point, then v(X;) > v(X32)+vo(Xo) and v(X1) < v(Xa)+vo(Xo)+v(X)

15: je—q+1,50
16: while j < m && v(j) > v(X2) + vo(Xo) + v(X) — v(X;) do

17: if vo(j) > v(Xy) — v(X2) — vo(Xo) — v(X) + v(j) then

18: return (XoU {5}, X1, Xo U X\ {j})
19:  else

20: S+« Su{j}

21:  end if

22: j+j+1

23: end while

24: Xo (—XQUS,Y%Y\S

25: if vo(Xo) > |[v(X1) — v(X3)| then

26:  return COMPLETE(I,q+ |S]|, X)

27: end if

28: % if we reach this point, then either v(X7) > v(X3) +vo(Xo) or v(X2) > v(X7) 4+ vo(Xo)

29: if ’U(XQ) > U(Xl) + ’U(J(X()) then

30:  set ¢ < g+ |S| and goto line 1

31: end if

32: % if we reach this point, v(X;) > v(X2) + vo(Xo) and, by line 14 and the fact that in
between items are only moved from X to X, v(X1) < v(Xs) 4+ vo(Xo) + v(X)

33: while (v(X7) > v(X2) + vo(Xo)) do

34: X2<_X2U{j}’]<—]+1

35: end while

36: if (’U(Xl) = ’U(XQ) + ’U()(XO)) then

37:  return COMPLETE(I,j —1,X)

38: end if

3: Y+ {j— 1}, Xo « X0\ {j — 1}

40: % if we reach this point, then v(X;) < v(X2) 4+ vo(Xp) and v(X1) > v(Xa\ {j}) + vo(Xo)

41: while (vo(Y) < v(X1) — v(X32) — v9(Xp)) do
42: Y+« YU{j},j<jg+1

43: end while

44: return COMPLETE(/,j — 1, Xo UY, X1, X»)
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To prove Lemma 8, we need first some auxiliary results that establish some basic properties
of the whole algorithm.

» Lemma 9. Suppose EXTEND reaches line 24, after constructing the set of items S, via
line 20. If there exists an EF-IS allocation for I allocating the first q items of [m] as in
(Xo, X1, X32), then it allocates the first ¢ + |S| items of [m] as in (Xo, X1, X2 U S).

» Lemma 10. The while-loop at lines 33-35 always terminates; moreover, the while-loop at
lines 41-43 always terminates returning a set Y such that v(Y) < 3v(qg+ 1).

Proof of Lemma 8. First of all, by Lemma 10, we are guaranteed that EXTEND always
terminates. Moreover, each returned allocation is always EF-IS either by definition, or by
inspection combined with Lemma 7. Regarding the complexity, it is not difficult to see that
EXTEND can be executed in O(m) time. In fact, the first 13 lines of the function, apart from
basic, constant-time operations, require the computation of quantities such as X, Xo U X,
v(Xo), v(X1), v(Xa), v(X), taking O(m) time, and the invocation of COMPLETE which, by
Lemma 7, needs O(m) time. From line 14 onwards, the function essentially processes all
items sequentially and, for each processed item, constant-time operations are performed. The
only non-constant-time operation is the invocation to COMPLETE which requires O(m) and
is performed only once during any execution of EXTEND.

Now, let us bound the value of sold items in any returned solution other than the basic
one. The solution returned at line 2 sells items that are worth a total value of at most
v(Xo) + 2v(g + 1), due to Lemma 7; the one returned at line 12 sells items that are worth
a total value of v(Xy); that returned at line 18, sells items that are worth a total value of
v(Xo) +v(y) <v(Xo)+ v(g+1); those returned at lines 26 and 37, sell items that are worth
in total at most v(Xy) + 2v(¢g + 1), by Lemma 7; finally, the one returned at line 44 sells
items that are worth a total value of at most v(Xy) 4+ 5v(g¢ + 1), by Lemmas 7 and 10.

We are left to show that EXTEND returns the basic EF-IS allocation only if no EF-IS
allocation extending X = (Xo, X1, X3) exists. EXTEND returns the basic EF-IS allocation
only at lines 4 and 9. Observe that, when this happens, there is no chance of getting an
EF-IS allocation from X. This partial allocation, in fact, is either given in input, or obtained
from the input after possible repeated additions of the special set S of items to X5, at line
24. By Lemma 9, these additions do not prevent the extension of the current allocation to
an EF-IS one. So, whenever we reach the point that EXTEND has to return the basic EF-IS
allocation, it is because it has arrived at an allocation which cannot be extended to become
EF-IS and such an allocation has been obtained by performing unavoidable choices only. <«

Putting everything together, we can show our main result.
» Theorem 11. There is a PTAS for BEST-EF-IS with two agents when « > 1/2.

Proof. Fix an instance I = (m,v,vg) of BEST-EF-IS. By Lemma 8, we get that, for any
0 < € < 1—a, SOLVEBESTEF-IS returns an EF-IS allocation in O(37m + mlogm) time,
with § = O(1/¢€). To show the approximation guarantee, let O be the optimal allocation
of the problem, and let (X§, X7, X3) be the partial allocation corresponding to O and
restricted to the first g items. Set X := [m] \ (X U X; U X3). When SOLVEBESTEF-1S
calls EXTEND with input I, § and (X, X7, X3), it receives an EF-IS allocation S where,
additionally to X, a set of items Z C X is sold and such that v(Z) < 5v(g+ 1), by Lemma
8. We derive SW(S) = v(X7 U X3) 4 vo(Xg) + v0(Z) + v(X "\ Z). On the other hand,
SW(0) < v(X; UX3) +vo(X3) +v(Z) +v(X"\ Z). So, the approximation guarantee
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achieved by S is at least

(X} UX3) +vo(X5) +v0(2) + o (X \ 2) o V(X7 U X3) +uo(Xg) + av(2) +v(7‘\Z).
V(XFUXSE) +uo(XE) +0(Z2)+v(X\2) — o(XFUX3) +uo(XZ)+0(2)+o(X \ 2)

This value is minimized when the common terms are as small as possible, while v(Z) is as
large as possible. This is achieved when v(Z) = 5v(g+1), Xf = X3 = X \ Z = 0 and
X = [q], with v(Xg) = qu(g+ 1). We derive that the approximation guarantee achieved by
S is at least %f;‘ >1—¢, for each g > @ As SOLVEBESTEF-IS returns the EF-IS
allocation with the highest social welfare, among the ones returned by EXTEND, the claim

follows. <

» Remark 12. At a first glance, it seems that the value of a plays a major role only within
function COMPLETE. This function can be easily extended to any « < 1/k, with k being
an integer such that £ > 2, by selling the next k items, rather than simply the next two
ones. However, the fact that a > 1/2, is fundamental to prove that the while loop at lines

41-43 of function EXTEND always terminates (see second part of the claim of Lemma 10).

So, in order to extend the PTAS below the threshold 1/2, additional arguments need to be
elaborated.

3.3 An Exact Algorithm for a Small Number of Distinct Values

In this subsection, we consider the case in which there is a small number of distinct item values.

In particular, we assume that there are T' distinct item values, say w1 < wgy < ... < wr,
and that, for any s € [T, there are my items of value ws. Obviously, it must hold that
> ser] Ms = M. We design a dynamic programming algorithm that solves BEST-EF-IS in
polynomial-time when T is a constant.

» Theorem 13. Let T be the number of distinct item values. BEST-EF-IS can be solved in
time O(n(m/T)?TT).

4 Extensions to Heterogeneous Agents

In this section, we consider a generalization of our model to the case where the items may not
have the same value for all agents. The most natural extension is the one in which each agent
i has her own additive valuation function v;, so that v;(j) is the value of agent i for item j
and v; = (v;(j));e[m) denotes the vector of all item values for agent 4. Under heterogeneous
valuation functions, we need to be more careful about the market value vector vy. As also

done in [22], we assume that for every item j, the market value satisfies vo(j) < min;v;(j).

We view this as a minimal assumption, that should hold so that no agent can have more
value by selling an item rather than by owning it. Furthermore, we assume w.l.o.g. that
the considered allocation problems do not contain any dummy item j with v;(j) = 0 for all
i€ [n].

The following result, due to [20] but recast in our framework, shows how to determine in
polynomial time if a given allocation with items sale is EF-IS.

» Lemma 14 ([20]). Given an allocation problem (n,m, (v;)ic[n], Vo) with heterogeneous
valuations, let X = (Xo,X1,...,X,) be a an allocation with items sale of [m]. One can
check in O(mn +n?) time if X is EF-IS.
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Let o := min;epn) jeimv; ()>0 {ZO—E;;} € [0,1] be the parameter defined similarly as in
Section 3. As before, the basic EF-IS allocation is a feasible solution and trivially constitutes
an optimal one when o = 1. Moreover, the hardness results of Section 3.1 continue to hold
under heterogeneous valuations. Therefore the problem is NP-hard, and with 3 agents or more,

there is no approximation factor better than «. Nevertheless, we are still able to provide(s)ome
maxje[m] vi(J

€[] mingepmgiv, ()50 vi ()

denote the maximum ratio between the highest and the lowest (non-zero) valuable item of

positive results under certain assumptions. In particular, let 8 := max;

any agent. We obtain below a PTAS, if n, 8 and 1/a are bounded by a constant. This can
be seen as generalizing the PTAS of Section 3.2, even beyond the two agent case, but only
with a constant 5. The technique that we use however is quite different from the PTAS of
Section 3.2. Furthermore, we also obtain an exact pseudo-polynomial time algorithm for the
case in which the number of agents is constant, without any further assumption.

4.1 A PTAS for Few Heterogeneous Agents with 8 = O(1) and a = Q(1)

Within this section we assume that n, 8 and 1/« are bounded by some constant. Moreover,
given two integers k,n, we denote by [n] the set {k,k+ 1,...,n}, if K < n and the empty
set otherwise.

In Algorithm 4, we provide the pseudo-code of our PTAS, which we call CUT&SELL. We
provide here a brief overview and intuition of how it works. For a fixed € > 0, we parameterize
the analysis with a constant, but sufficiently large integer ¢ (defined in Algorithm 4), with
qg=0(1/¢). If m < ¢ the algorithm computes, via a polynomial-time brute-force search, an
EF-IS allocation X that maximizes the social welfare. Otherwise, when m > ¢, it executes
the following procedures:

Cut Procedure: This procedure computes a fractional allocation z = (z;, j)ie[n],je[m]7 with
z;,; denoting the fraction of j assigned to ¢, that maximizes the social welfare, is envy-free,
and cuts at most n2 — n + 1 items into fractional pieces. To do this in polynomial time,
one can resort to linear programming. In particular, we have that the optimal solution
of the following linear program in variables (zm)ie[n]’ je[m] corresponds to a social welfare
maximizing fractional allocation, subject to envy-freeness:

max SW(z):= Z Vi j %
i€[n],j€[m]
s.t. Z Vi 2 > Z Vi j%h,j, Vi,h € [n],i #h
j€lm] j€lm]
> zij=1,Yj€m]
i€[n]
zij >0, Vie[n],j€[m]. (2)

By Lemma 15 below, we can efficiently find the desired optimal solution of linear program
(2).

» Lemma 15. An optimal solution z = (2; j)icin),je[m] of linear program (2) that satisfies
[{j € m]:3i€[n],0 <z, <1} <n?—n+1 can be computed in polynomial time.

Sell Procedure: Let X be the set of items that are assigned fractionally in z. We first
sell Xy and derive the (integral) allocation with items sale X = (Xo, X1,...,X,,), where
each j in X; is assigned integrally to ¢ in z. Now, given the allocation X’ = (X,...,X,)
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restricted to the unsold items of X, the envy-graph of X’ is a graph Gx/ = (V, Ex/) having
V = [n], and containing an edge (i, h) € [n]? if and only if agent i is envious of h (that is,
v;(X;) < v;(X})). The algorithm permutes the bundles in such a way that the resulting
envy-graph of the allocation restricted to unsold items is acyclic. This step is implemented
by a sub-routine called ENVYCYCLEELIMINATION introduced in [24] (we refer the reader
to such work for a detailed description of the sub-routine). Then, the algorithm alternates
among the following two steps, until the obtained allocation X is EF-IS: (i) It picks a sink
i € [n] in the resulting (acyclic) envy-graph, i.e., an agent that is not currently envious of
anyone. Then, the algorithm removes and sells an arbitrary good j from the bundle of ¢
(i.e., j is added to Xp). (ii) It applies again ENvYCYCLEELIMINATION, so that the resulting
envy-graph of the allocation restricted to unsold items becomes acyclic.

We shall prove that at the end, the algorithm terminates with an EF-IS allocation and
with the desired approximation.

» Theorem 16. There is a PTAS for BEST-EF-IS with n heterogeneous agents, when n, 3
and 1/« are all O(1).

Proof Sketch. We first argue about the complexity of the algorithm. If m < ¢, CUT&SELL
enumerates (n+ 1) < (n+1)? = O(1) distinct allocations with item sales; for each of them,
it verifies in polynomial time if it is EF-IS (by Lemma 14), and finally returns the one of
maximum welfare. The case m > ¢ is polynomial as it requires to find an optimal fractional
allocation via linear programming and applies at most O(m) times the envy-cycle-elimination
procedure.

The technically more involved part is to show that CUT&SELL guarantees a (1 — ¢)-
approximation. If m < ¢, an optimal solution is returned by enumeration. If m > gq,
CUT&SELL first computes an optimal fractional envy-free-solution z, whose social welfare
SW (z) is used as an optimality benchmark for BEST-EF-IS. Then, by using the hypothesis
that n,1/a, 8 are bounded by a constant, we show that the items with positive value added
to Xy during the SELL procedure, before reaching an EF-IS allocation, have low value
compared to SW(z). This fact is used to show that the allocation returned by the algorithm
is a (1 — €)-approximation. <

4.2 A Pseudo-Polynomial Time Algorithm for Few Heterogeneous Agents

Our final result is that for a constant number of agents, BEST-EF-IS admits a pseudo-
polynomial time algorithm. Considering the hardness result provided in Theorem 6, a
limitation on the number of agents is necessary to obtain a pseudo-polynomial time algorithm,
unless P = NP.

» Theorem 17. BEST-EF-IS can be solved in O(anV"Q) time for heterogeneous valuations
and in O(mnV™) time for identical ones, where V = max;ep,{vi([m])} denotes the mazimum
value for the entire set of items.

5 Conclusions and Future work

Our work explores from an algorithmic perspective the model of fair division of indivisible
items initiated in [22], and provides an almost complete picture on its status. This model
considers the possibility of selling items in order to compensate envious agents in a proposed
allocation.
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Algorithm 4 CuT&SELL(m, v, vo)

Input: € > 0 and an instance I = (m, v, vg) with heterogeneous agents, o € (0,1), 8 > 1
and v;(j) > 0 for any i € [n], j € [m]

Output: an EF-IS allocation for I
1 g [n(n? +1)B (8- a) /(ca®)]
2: if m < ¢ then
3:  Find the best EF-IS allocation by enumeration
4: else
5. % Cut Procedure
6 z = (zi,j)ie[n]’je[m] < an optimal envy-free fractional allocation, in which at most

n? —n + 1 items are cut into two or more fractional pieces.

7. % SELL Procedure

8  Xo<«{je[m]:3i st 2z, €(0,1),i€[n]}
: fori=1,...,ndo

10: X, {jem]:z,;=1}

11:  end for

122 X =(Xo,..., X)), X'+ (X1,...,X,)
13: X'+ ENVYCYCLEELIMINATION(X")
14:  while X is not EF-IS do

15: Let ¢ € [n] such that v;(X;) > v;(X},) for each h € [n] (break ties arbitrarily)
16: Let j € X; (break ties arbitrarily)

17: Xl(*Xl\{j}, Xo(*XQU{j}

18: X' (X1,...,Xpn)

19: X' + ENvYCYCLEELIMINATION(X)

20:  end while

21: end if

22: return X

Despite the large amount of research work devoted in the last years to the study of
relaxed notions of envy-freeness, the approach of items sale has remained largely unexplored.
This may look strange since, although relaxed notions of envy-freeness such as EFX and
EF'1 provide theoretically interesting and elegant solutions to the non-existence of envy-free
allocations, from a practical point of view there are many cases in which these solutions
are highly unfair (think, for instance, of the famous basic case of a high-valued item and
two agents). A possible reason for this under-consideration might come from the intrinsic
difficulty of the problem, as witnessed by the strong computational barriers we proved in
Subsection 3.1. However, we have also shown that, under some (in some cases even mild)
assumptions, interesting positive results are possible.

An interesting open question that arises is whether we can extend the existence of a
PTAS for two agents, in the case of « € (0,1/2) and identical valuations, and also in the
case of arbitrary a and heterogeneous valuations (without further assumptions on other
parameters). Furthermore, it would be nice to study the effects of items sale for other variants
of fair allocation problems, such as for other notions of fairness (e.g., proportionality, EFX
or maximin shares) or for more general valuations beyond additivity, or for problems with
additional constraints (e.g., under connectivity constraints [10, 11, 26]). Finally, it would be
interesting to study the case of strategic agents, as in [4], who may misreport their valuations
to increase their utility.
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